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is assigned to the regular classes. This amounts to
mye= 1/(k+1) . (13)

In general m.y is an unknown function of «. Denoting this function by
1
Ei*(a), the aim is to find the root of

fla)= ﬁi*(a) =1/(k+1) . (14)

To that end we used the Regula Falsi method (i.e. repeated inverse linear
interpolation between a negative and a positive value of f(a)), combined with
Steffensen's convergence acceleration (see Stoer and Bulirsch [9], p. 298). In
this procedure the 1-th iteration consists of two Regula Falsi steps, yielding
o' and a", followed by an acceleration step in which the next value of o is
calculated according to

(1) a“u(l_1)'u'2

Ll R
ata -2

The evaluations of f(a) required during the accelerated Regula Falsi iteration
were carried out with the modified Picard iteration described before. Hence,
the latter iteration is nested within the former one. As starting points for
the accelerated Regula Falsi iteration, we used £(0)=-1/(k+1) and f(1)=k/(k+1),
and continued the iteration until the root was determined to within 1%
tolerance.

The results of our modification of fuzzy k-means applied to Ruspini's
butterfly are shown in Fig. lc. Compared with the results from Ohashi's method
(Fig. 1b), the class centres shifted only slightly to the overall centre of the
configuration. Nevertheless the memberships of intragrades and extragrades to
the regular classes, respectively, increased and decreased considerably, while
their memberships to the outlier class decreased and increased with about the
same amount. This resulted in markedly different memberships for the intragrade
B and the extragrades C as well as A, So in this example, the proposed
modification clearly separates intragrades from extragrades. We expect this to
be a general property of the method because it makes the outlier memberships
proportional to the harmonic mean of the squared distances to the class centres
(raised to a power depending on ¢).

A further illustration is formed by the two-dimensional nested grid
configuration of 49 points shown in Fig. 2. We applied fuzzy k-means and the
modifications by Ohashi and ourselves with k=4, i.e. the number of natural
clusters in this case. Class centres and membership contours are depicted in
Fig. 2a, b and e¢. To save space, only the memberships of half the configuration
are shown (above or below the axis of symmetry x1—x2=0) and only for one of the
regular classes. The other memberships are implied by symmetry.

The results from this case confirm those from the butterfly: compared with
fuzzy k-means our modification produced memberships that more clearly reflect
the differences in properties, whereas it left the class centres nearly
unchanged.

5. DISCUSSION

Spatial systems are often originally described with so many variables that
interpolation with all of the original variables is not feasible. Fuzzy
clustering seems to be a suitable approach to reduce the number of variables,
especially if relationships are non-linear and spatial variations are gradual.
The method presented here in addition aims at interpolated class memberships
that are suitable for prediction of related variables.

It is elear that the small artificial data sets we used here exemplify in no
way those encountered in practice. They are only meant to illustrate, in a
concise way, some of the points we raised. The usefulness of the proposed
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method has to be shown in real case studies. We are elaborating a few of these
studies, with encouraging results so far (McBratney and De Gruijter [5]).

Fig.1. Three fuzzy clustering methods applied to Ruspini's butterfly (k=2, ¢=2)
a) Fuzzy k-means; memberships to class with centre (0.855, 2.000).

b) Ohashi's method {with a=0.431 and ﬁi*-113]; memberships to class with centre
(0.981, 2.000) and to outlier class, respectively, in upper and lower part.
¢) Our method (with a=0.440 and m;x=1/3); memberships to class with centre
(1.347, 2.000) and to outlier class, respectively, in upper and lower part.
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Fig.2. Three fuzzy clustering methods applied to nested grid (k=14, ¢=2)

a) Fuzzy k-means; memberships to class with centre (2.972, 2.972).

b) Ohashi's method (with «=0.400 and r_nig.n*./s); memberships to class with centre
(3.201, 3.021) and to outlier class, respectively, in upper and luWer part.

¢) Our method (with «=0.515 and r_ni*=-1.f5); memberships to class with centre

(3.016, 3.016) and to outlier class, respectively, in upper and lower part.
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