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Abstract The effect of outliers on estimates of the variogram depends on how they
are distributed in space. The ‘spatial breakdown point’ is the largest proportion of
observations which can be drawn from some arbitrary contaminating process without
destroying a robust variogram estimator, when they are arranged in the most damaging spatial pattern. A numerical method is presented to find the spatial breakdown
point for any sample array in two dimensions or more. It is shown by means of some
examples that such a numerical approach is needed to determine the spatial breakdown point for two or more dimensions, even on a regular square sample grid, since
previous conjectures about the spatial breakdown point in two dimensions do not
hold. The ‘average spatial breakdown point’ has been used as a basis for practical
guidelines on the intensity of contaminating processes that can be tolerated by robust variogram estimators. It is the largest proportion of contaminating observations
in a data set such that the breakdown point of the variance estimator used to obtain point estimates of the variogram is not exceeded by the expected proportion of
contaminated pairs of observations over any lag. In this paper the behaviour of the
average spatial breakdown point is investigated for cases where the contaminating
process is spatially dependent. It is shown that in two dimensions the average spatial
breakdown point is 0.25. Finally, the ‘empirical spatial breakdown point’, a tool for
the exploratory analysis of spatial data thought to contain outliers, is introduced and
demonstrated using data on metal content in the soils of Sheffield, England. The empirical spatial breakdown point of a particular data set can be used to indicate whether
the distribution of possible contaminants is likely to undermine a robust variogram
estimator.
Keywords Variogram · Robust · Breakdown point · Spatial breakdown point
R.M. Lark ()
Rothamsted Research, Harpenden, Hertfordshire AL5 2JQ, UK
e-mail: murray.lark@bbsrc.ac.uk

730

Math Geosci (2008) 40: 729–751

1 Introduction
The variogram is central in geostatistical analysis, so it must be reliably estimated.
Outlying extreme values inflate estimates of the semivariance, so robust estimators
have been proposed (Genton 1998a) and applied in practice (Saby et al. 2006). Robust variogram estimators are used when there are good reasons to treat the data as
realizations of a composite random process, Z(h). The dominant process is a correlated random function, Y (x), typically assumed Gaussian and intrinsically stationary.
In addition there is a superimposed contaminating process. Values drawn from the
contaminating process are substituted randomly for values drawn from the correlated
process, with a mean intensity of the contaminating process of pc , where 0 ≤ pc ≤ 1.
Our observations are a realization of a compound distribution


Z(x) ∼ N μ, γ (h) with probability 1 − pc
(1)
∼ D with probability pc ,
where N {μ, γ (h)} denotes the distribution function of a Gaussian random variable
with mean μ and which is intrinsically stationary with variogram γ (h), and D is
some arbitrary contaminating process. The correlated process might represent, for
example, variation in metal content of the soil due to varied composition of the underlying rock, and effects of diffuse pollution, while the contaminating process might
represent local point pollution. The former process is treated by a conventional geostatistical analysis, but the standard estimator of the variogram (Matheron 1962), applied to data drawn from the composite process, will be strongly influenced by the
contaminating observations (Cressie and Hawkins 1980). This will result in overestimation of the kriging variance and poor decisions on sampling should the variogram
be used to plan sampling schemes at similar sites. Consequently, there has been an
interest in robust variogram estimators.
Our data are a realization of a random function Z(x), and so we denote our observations z(x1 ), z(x2 ), . . . . The variogram can be estimated from pair-differences
among our observations, z(x) − z(x + h), where h is a lag vector. Note that we
assume initially that the sampling is regular, so that all differences are over exact
lag distances, but we can relax this assumption with no difficulty to analyze an irregular sample array where lags are defined by a standard binning procedure. If
we denote by wi (h) the difference between the ith pair of observations separated
by lag h and denote the full set of these lag-pair differences among our data by
wh = [w1 (h), w2 (h), . . . , wnh (h)]T then, subject to the assumption of intrinsic stationarity, a general estimator of the variogram at lag h can be written as
1
γ (h) = T (wh ),

2

(2)

where T (·) denotes some general variance estimator applied to the elements of a
vector. If this estimator is robust, then the variogram estimates will be robust. For example, Genton (1998a) proposes that Qn, a robust estimator of the standard deviation
proposed by Rousseeuw and Croux (1992, 1993), is used, so
γG (h) =



 2

2 1 
1
Qn(wh ) = 2.219 wi (h) − wj (h); i < j (H ) ,
2
2
2

(3)
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where {}(H ) denotes the H2 th ordered term in the braces and H is the integer part of
2
(nh /2) + 1. Lark (2000) reviewed and assessed this and other variogram estimators.
A robust variogram estimator, which uses some variance estimator T (·), gives an
empirical variogram of the underlying process Y (x) provided that the proportion of
pair-comparisons at any lag, h, that include one or more observation from the contaminating process is smaller than the ‘breakdown point’ of the variance estimator T (·).
This is explained in detail below. The breakdown point takes values between zero
and 0.5. However, we cannot relate this directly to the intensity of the contaminating
process, pc , because the proportion of pair-comparisons affected by a set of outlying
observations depends not only on their number but also on their spatial distribution.
For this reason Genton (1998b) introduced the ‘spatial breakdown point’, which is
the maximum value of pc such that the robust variogram estimator remains reliable,
given that the contaminant observations might be distributed in a way that maximizes
their impact on the estimates.
The key property of a robust variogram estimator such as γG (h) is that it reduces
the influence of paired differences that are affected by observations drawn from the
contaminating process. The properties of such an estimator are best understood by
reference to its breakdown point (Hampel et al. 1986). Consider a general estimator
applied to some variable v
T (v),

where v = [v1 , v2 , . . . , vn ]T .

If m of the n observations are replaced with arbitrarily large values, to give a perturbed data vector v∗ , then the estimator will be perturbed. This is measured by the
quantity

 
(4)
β(m | T , v) = supT (v) − T v∗ ,
v∗

where supv∗ | · | denotes the supremum of the term over all possible replacement of
m of the n observations by arbitrarily large values.
In principle, this quantity can extend to infinity, and an estimator T (·) is said to be
B-robust if β(m | T , v) is limited. The breakdown point of T , n∗ (Rousseeuw 1985)
for a sample of size n is
 
m 
β(m | T , v) is finite .
(5)
n∗ = max
n 
More generally the breakdown point is defined as  ∗
 ∗ = lim n∗ .
n−→∞

(6)

The breakdown point of the standard estimator of the variogram (Matheron 1962),
is zero, since a single outlying value, wi (h), could cause a large perturbation. In
contrast, the estimator TQn (·) (3), has a breakdown point of 0.5, the largest possible.
Therefore, if we apply Genton’s (1998a) estimator then, provided that fewer than
half of the pair-comparisons are affected by the contaminating process, our estimated
variogram is that of the underlying process, Y (x). While it is still affected by the
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outliers, it will be a better estimator, in the presence of outliers, than a non-robust one
such as the standard one due to Matheron (1962).
If we apply some robust variance estimator, T (·), which has a breakdown point
T∗ , to pair-comparisons wh then our estimator refers to the continuous process, Y ,
provided that fewer than T∗ nh of the comparisons include observations drawn from
the contaminating process. What proportion of pair-comparisons might be so affected
at a given overall intensity of the contaminating process, pc , will depend on how the
contaminants are arranged spatially. This is the reason why Genton (1998b) introduced the idea of the spatial breakdown point.
Let X be a set of n sample locations, X = {x1 , x2 , . . . , xn }. For some lag vector, h,
there exists a corresponding set, Hh of nh paired comparisons among these locations
that are separated by lag h, so [xi , xj ; i < j, (xi − xj ) = ±h] ∈ Hh . If we arbitrarily
assign m of these locations to a set X ∗ , X ∗ ⊂ X, then there exists a set, Hh∗ ⊂ Hh ,
of m∗h pair comparisons such that [xi , xj ; i < j, (xi − xj ) = ±h] ∈ Hh∗ if xi ∈ X ∗ or
xj ∈ X ∗ or both. Given this notation we may now define the spatial breakdown point
for sample array X and variance estimator T (·) as
∗S
h,X


= sup

X ∗ ⊂X


m  m∗h
< T∗ ,
n  nh

(7)

where supX∗ ⊂X [ · ] denotes the supremum of the term in brackets over all possible
subsets X ∗ ⊂ X.
Genton (1998b) discussed the properties of the spatial breakdown point; it depends on lag and sample size for regular sampling in R1 . However, most geostatistical analyses are in at least two dimensions, and Genton (1998b) concluded that
explicit computation of the number of perturbed differences, m∗h , for given m, n and
h was not tractable in Rd , d > 1. (Note that Genton considered breakdown points
for estimates of isotropic variograms at lag distances h = |h| where | · | denotes the
Euclidean norm. I refer to these as lag distances in this paper.) Genton (1998b) conjectured that, as in R1 , one can determine the breakdown point for some lag distance
on a regular grid in R2 by first identifying a ‘worst possible’ configuration in which
every possible pair-comparison over that lag distance includes a single contaminant.
If we count up the number of contaminated pairs associated with each contaminant,
we can then find the smallest number of these contaminant points such that half the
pair-comparisons include a contaminant. Genton’s (1998b) conjecture is that this will
be the spatial breakdown point in R2 . He tabulates these for a 10 × 10 square grid.
However, for lag distance 4, where the tabulated breakdown point is 0.22, it is possible to produce a counter-example in which just 20 points out of 100 contaminate
61 out of the 120 pair-comparisons (Fig. 1). In general, Genton’s (1998b) conjecture
does not hold. A further problem is that environmental surveys are only exceptionally done on regular grids. Genton (1998b) pointed out that, by defining a suitably
wide tolerance on the lag, his conclusions can be applied to irregular sampling patterns. This will only hold if the pattern approximates a regular grid, and this is often
not the case, particularly if the sample scheme is optimized for variogram estimation
(Warrick and Myers 1987).
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Fig. 1 Configuration of 20
contaminant points (solid
symbols) on a 10 × 10 grid such
that 61 of the 120
pair-comparisons over lag 4 grid
units are affected by at least 1
outlier

Genton (1998a, 1998b) aimed to develop some practical guidelines on the values
of pc , the intensity of a contaminating process, at which we might expect a robust
variogram estimator to break down. He wanted what he called a ‘global criterion’
(not restricted to a particular lag). He used simulation (subsequently justified theoretically) to examine the expected proportion of contaminated pair-comparisons at
various lags, h,
 ∗
m
p(h) = E h ,
nh

(8)

when observations on regular or irregular sample arrays are contaminated independently and at random at the intensity pc . For example, when pc = 0.25, p(h) ≈ 0.44
and this did not depend on the lag. Also p(h) ≈ 0.5 when pc = 0.293. A variogram estimator for which T∗ = 0.5 will, on average, be resistant to contaminants
if pc < 0.3. This was Genton’s principal practical conclusion.
In this paper, we address two problems. The first is the problem of how to determine the spatial breakdown point for a variogram estimator for a general sample
array in Rd , d > 1. This can be done by simulated annealing. Secondly, we consider how p(h) depends on pc when the contaminants are not independently distributed. An average spatial breakdown point can be determined, a value of pc such
that p(h) < 0.5 over various possible patterns of spatial dependence of the contaminating process. The concept of the spatial breakdown point can be used in practice for the exploratory analysis of spatial data, and this is illustrated with a case
study.
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2 Methods
2.1 Numerical Computation of the Spatial Breakdown Point
2.1.1 The Simulated Annealing Method
For some sample array X of n fixed elements (sites), and assuming that a fixed number, m, of observations are contaminants, we aim to find the subset of m sites X ∗ ⊂ X
that will maximize the number, mh , of pair-comparisons between sites separated by
lag h for which at least one of the sites is xi ∈ X ∗ . To do this a procedure that uses
simulated annealing is proposed (Kirkpatrick et al. 1983). By convention simulated
annealing is used to minimize an objective function. In this case our objective function is
m∗
f =− h.
nh
For convenience I denote the complementary subset of X ∗ in X by X ∗ , i.e. X ∗ ∩
X ∗ = ∅; X ∗ ∪ X ∗ = X.
The simulated annealing proceeds as follows:
1. Start with some initial random allocation of m of the sites in X to X ∗ , and evaluate
f , the accepted value of which at any stage is designated fo .
2. Select at random two sites xi ∈ X ∗ and xj ∈ X ∗ then exchange their allocations,
i.e. put xj in X ∗ and xi in X ∗ .
3. Re-evaluate the objective function; we designate the new value fp .
4. If fp ≤ fo , then we accept the reallocation of the sites, and the corresponding new
value of the objective function. Otherwise, the decision is made at random, with
the probability that we accept the reallocation and update the objective function
being given by the Metropolis criterion
exp

fo − fp
,
c

(9)

where c is a parameter called the ‘temperature’.
5. If the decision is to reject the reallocation in step 2, then the points are returned
to the subsets before the perturbation, and the objective function is restored to the
corresponding value.
6. The algorithm returns to step 2, and iterates steps 2 to 6 a predefined number of
times.
7. After this specified number of swaps has been completed a stopping criterion is
evaluated. If this criterion is met then the algorithm finishes. Otherwise, the temperature parameter is reduced, and a further sequence of swaps is initiated.
After a sufficiently long sequence of swaps at a fixed temperature, the simulated
annealing will tend to an equilibrium such that the value of the objective function
can be regarded as a random variable with a Boltzmann distribution. After sufficient
equilibrations at successively lower temperatures, the objective function will tend
to the optimum value (Aarts and Korst 1989). Global optimality, however, is not
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guaranteed for finite numbers of sequences of finite length. In practice a good solution
requires the following:
1. The initial value of c is large enough to allow the system to escape from local
minima early in the simulation, and is not reduced too rapidly.
2. Each sequence of swaps is long enough to approach equilibrium.
3. There are sufficient series of swaps to bring the system to its optimum.
These conditions define the ‘cooling schedule’ for simulated annealing.
A commonly-used cooling schedule is (Kirkpatrick et al. 1983):
1. An initial value of c is found so that nearly all changes are accepted in the first
series of swaps.
2. The value of c is reduced from one series of swaps to the next by a control parameter αc , with 0 < αc < 1, so that cm+1 = αc cm . Typically, 0.8 ≤ αc ≤ 0.99 (Aarts
and Korst 1989).
3. A fixed number of swaps at any temperature is commonly predetermined. This
requires an element of trial and error.
4. The algorithm is terminated when the number of reductions in temperature have
been completed without any further change in the objective function.
Following this procedure ensured that between 98% and 100% of the swaps were
accepted in the first sequence at the initial temperature. The algorithm terminated
after 100 reductions in temperature with no change in the objective function. Trial
and error was used to determine the number of swaps at any temperature. A key diagnostic for this is a plot of the value of the objective function at each reduction in
temperature. A good cooling schedule shows marked initial variation in the value of
the objective function, a general downward trend then emerges, although with pronounced variation about this trend which gradually damps (Lark and Papritz 2003). In
addition, the simulated annealing program was run five times for each problem it was
applied to, in each case using different seed values for the generation of the random
numbers. Any inconsistency in the results of these multiple runs will indicate if the
cooling schedule is inadequate, since it would suggest that the program was finding
multiple local optima. Nevertheless, it remains possible that a particular solution is a
local optimum, rather than a global optimum. Therefore, the estimate of the spatial
breakdown point is more properly treated as an upper bound on the true value.
2.1.2 Example of Regular Sampling in R2
The simulated annealing method was applied to the problem studied by Genton
(1998b) with the distribution of contaminants on a 10 × 10 square grid. Table 1 lists
the maximum values of m∗h /nh achieved at five different lag distances, h = |h|, with
different numbers of contaminants. Note that m∗h /nh is exactly 0.5 with 20, 20 and 25
contaminants at lag distances 2, 3 and 5, respectively. This corresponds to the results
given by Genton (1998b) in Table 1, as is the result for lag distance 1, for which Genton (1998b) gives a spatial breakdown point of 0.225. However, at lag distance 4, 61
out of the 120 paired-comparisons can be affected by just 20 contaminants, although
Genton (1998b) quotes 0.22 as the spatial breakdown point. The configuration for
this counter-example is illustrated in Fig. 1.
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Table 1 Maximum proportion
of comparisons over different
lags affected by outliers for a
10 × 10 square grid, as obtained
by simulated annealing
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Lag interval, h

1

2

3

4

5

(grid units)
Number of

Maximum of p(h)

outliers
10

0.220

0.250

0.285

0.283

0.200

20

0.444

0.500

0.500

0.508

0.400

22

0.489

0.531

0.543

0.550

0.440

23

0.511

0.544

0.564

0.575

0.460

a Table 1 of Genton (1998b).

25

0.556

0.594

0.600

0.617

0.500

Genton lists the number of
outliers, out of the 100 grid
points, which are expressed here
as a proportion

30

0.667

0.675

0.700

0.700

0.600

Breakdown point
according to Gentona

0.225

0.20

0.20

0.22

0.25

Genton’s (1998b) table is based on the conjecture that in R2 , as in R1 , he can find
the spatial breakdown point (when T∗ = 0.5) by first identifying the ‘worst configuration’ (a set of the smallest possible number of contaminants of the grid in which all
pair-comparisons are affected), counting the number of pairs affected by each contaminant, and then thinning this configuration to find the smallest number needed to
affect only half the comparisons. For lag distances 3 and 4 his worst configurations
both require 52 points. However, Fig. 2 shows configurations each of only 48 points
that affect all comparisons at lag distances 4 and 3. If we thin the configuration for
the lag distance 4, we can affect half the pairs with just 20 points, which is more efficient than Genton (1998b) can achieve starting with his more regular configuration
of 52 points. However, if we thin the configuration of contaminants in Fig. 2 (bottom
figure, lag 3), the fewest that we have to retain to affect half the pair-comparisons
is 22. This is a larger number of contaminants than are actually required (Table 1).
There are two problems with Genton’s (1998b) conjecture. First, in R2 the worst configurations are not generally regular, and so would be hard to find directly. Second,
it is clear from the result for lag distance 3 that in R2 the smallest number of points
needed to affect half the comparisons cannot necessarily be found by thinning the
worst configuration.
2.1.3 Example of Irregular Sampling in R2
The algorithm is applied to a sampling configuration from soil survey from the city
of Sheffield in England carried out by the British Geological Survey as part of their
G-BASE project (Rawlins et al. 2005). This survey comprised 569 sample points,
which were collected from as close as possible to the nodes of a 500-m interval square
grid. However, there are some missing points, there are others where the soil could
not be examined exactly at the grid node but was sampled somewhere nearby and
the sampled region is somewhat irregular in shape (Fig. 3). Because the sampling
is irregular the lags cannot be defined exactly, but require a tolerance. I considered
only the isotropic case (so lags can be defined on distance only). The lag classes
are centred on 500 m, 1000 m, . . . , 8000 m with a tolerance of ±250 m. The spatial
breakdown point will depend on this binning strategy, as well as on the configuration
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Fig. 2 Configurations of 48
contaminant points (solid
symbols) on 10 × 10 sample
grids such that all
pair-comparisons at (Top) lag 4
grid units and (Bottom) lag 3
grid units are affected by at least
one contaminant. In the top
figure (lag 4) points in the boxes
each contaminate 3 separate
comparisons, and the rest
contaminate 2 comparisons
each. In the bottom figure (lag 3)
the points in the shaded box
contaminate 4 comparisons
each, those in the open boxes 3
each, and the rest 2 each

of sample points. It is important that the same tolerances are used to compute the
spatial breakdown point as are subsequently used to estimate the variogram.
The simulated annealing algorithm was used to find the configurations of 28, 57,
85, 114, and 142 sample points (approximately 5%, 10%, 15%, 20%, and 25% of
the sample, respectively) that contaminates the maximum number of comparisons at
lag bins centred on 500 m, 1500 m, 2500 m, 3500 m, 4500 m, 5500 m, 6500 m, and
8000 m. The largest proportion of contaminated lag pair-comparisons in each case
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Fig. 3 Distribution of sample sites in Sheffield. The co-ordinates are in metres on the British National
Grid

was identified (usually, but not always, this was at the lag for which the proportion of
affected comparisons was maximized). This made it clear that the lag class centred
on 4500 m was potentially most vulnerable, and that the spatial breakdown point
was somewhere between 0.15 and 0.20. The optimizations were repeated with 91 and
100 contaminant points (approximately 16% and 17.5%, respectively). The results
are plotted in Fig. 4, which shows that the spatial breakdown point is a little more
than 0.16.
Figure 5 shows the proportion of contaminated pair-comparisons in lag bins centred at different lags when this proportion was maximized for lags centred on 500 m,
2500 m, and 4500 m. For the first two lags the effect at the ‘target’ lag is most pronounced, especially with the larger numbers of contaminants. Figure 6 shows the
optimized configurations of contaminant points (91, approximately 16%) for affect-
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Fig. 4 Maximum proportion of contaminated lag pairs for 7 lag distances on the Sheffield grid with
different overall proportions of contaminants. The horizontal line, at 0.5, shows where the variogram
estimator with maximum breakdown point will fail

ing pair-comparisons at several lags. At the shortest lags (the approximate interval
of this irregular grid) the points are spread out fairly evenly across the array. At lags
1500 m and 2500 m the points form fairly evenly-distributed patches and the dimension of the individual patches is approximately equal to the lag distance of concern.
At lags 4500 m and 5500 m the points form a single, central, roughly isotropic patch.
At lag 6500 the patch becomes distorted, presumably allowing more comparisons
perpendicular to its longer axis to be affected. At the longest lag the patch has broken
into two principal blocks away from the centre of the array.
2.2 The Average Spatial breakdown Point with Spatially Correlated Contamination
2.2.1 The Relationship between p(h) and pc
Consider an observation site, xj . Our observed value of the target property at this site
is drawn from the contaminating process or the background process. We assume that
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Fig. 5 Proportion of contaminated pair-comparisons in lag bins centred at various lags when this proportion was maximized for lags centred on (a) 500 m, (b) 2500 m, and (c) 4500 m on the Sheffield grid. In
all cases the graphs correspond to increasing proportions of contaminant observations in order, from the
lowest graph to the highest, 5%, 10%, 15%, 20%, 25%

the condition at any site can be described by the value of an indicator random variable
such that
I (xj ) = 1,
= 0,

contaminant present at xj ,
otherwise.

(10)

Assume that I (x) is an intrinsically stationary random function, so
E I (xj ) = pc

∀j.

(11)

Consider two sites, separated by lag h, and the possible values of I (x) at these
sites. The sample space can be represented as
I (xj )

I (xj + h)

0
0
1
1

0
1
0
1
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Fig. 6 Configurations of 91 contaminant points on the Sheffield grid affecting maximum number of pair
comparisons at different lags. Tick marks on the axes are 2000 m apart

Our concern is to compute the probabilities associated with the last three states in the
sample space. The variogram of I (x) is
2
1 
γI (h) = E I (xj ) − I (xj + h) .
2

(12)

If we expand and rearrange the term inside the expectation in (12) we obtain


γI (h) = E I (xj ) I (xj ) − I (xj + h) .

(13)

If we consider the value of the expression inside the expectation above for each state
in the sample space, it is apparent that
γI (h) = Prob I (xj ) = 1, I (xj + h) = 0 .

(14)

Now
E I (xj ) = Prob I (xj ) = 1
= Prob I (xj ) = 1, I (xj + h) = 0
+ Prob I (xj ) = 1, I (xj + h) = 1

(15)

which, by substitution in (14), gives
E I (xj ) = γI (h) + Prob I (xj ) = 1, I (xj + h) = 1

(16)
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and
Prob I (xj ) = 1, I (xj + h) = 1 = E I (xj ) − γI (h).

(17)

The indicator random variable complementary to I (which takes value 1 if I = 0 and
0 if I = 1) has the same variogram γI (h), and so, by reference to (15), is easy to
show that
Prob I (xj ) = 0, I (xj + h) = 1 = γI (h).

(18)

The overall probability that a comparison between two locations x and x + h will be
affected by at least one observation of a contaminant, is equal to the sum of the last
three probabilities in the sample space. From (14), (17), and (18) this is seen to be
p(h) = E I (x) + γI (h)
= pc + γI (h).

(19)

2.3 Implications
2.3.1 Pure Nugget Variogram
If the indicator variogram is pure nugget, (i.e. the contaminating process is spatially
independent) and the process is stationary, then from (14),
γI (h) = pc (1 − pc ),
and
p(h) = pc + pc (1 − pc )
= 2pc − pc2 .

(20)

Genton (1998b) reports this same result. If, for example, pc = 0.25 then p(h) =
7/16 ≈ 0.44. Genton (1998b) found this result by simulation. If the breakdown point
of the variogram estimator is T∗ = 0.5 then the average spatial breakdown point, the
intensity of the contaminating process at which the expected proportion of affected
pair-comparisons, p(h) = T∗ , is ¯ ∗S , where
 2
2¯ ∗S − ¯ ∗S = 0.5.

(21)

The solution is ¯ ∗S = 1 − √1 ≈ 0.29. This is the value that Genton (1998b) proposed
2
on the basis of a range of simulations and a different theoretical approach.
2.3.2 Non-decreasing Variogram
By definition,
sup γI (h) = γI (∞)
= pc (1 − pc )

(22)
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when γI (h) is non-decreasing, so
sup p(h) = 2pc − pc2 .

(23)

The proportion of observations in the variogram cloud that are affected by outliers
will increase with an increasing lag distance. Provided that pc < 0.29, the breakdown
point will not be exceeded at any lag.
2.3.3 Hole Effect Variogram
It is clear that in a case where pc < 0.29 p(h) might exceed 0.5 at some lag if there
is a ‘hole effect’ (Journel and Huijbregts 1978) when the variogram increases to a
maximum and then oscillates about a (smaller) value, γ (∞) (always with damping
at increasing lag distance for Rd , d > 1). In this case the proportion of observations
in the variogram cloud that are affected by outliers will tend to 2pc − pc2 as the lag
distance increases. A larger proportion may be affected at shorter lag distances. The
hole-effect for a given variogram is quantified by the minimum spatial autocorrelation
ρmin = 1 −

sup[γI h]
.
γI (∞)

(24)

The lower bound on this autocorrelation depends on two factors:
1. The expectation of the indicator random function or pc .
Journel and Posa (1990) show that there is a minimum autocorrelation for an
indicator random function, given its expectation. This is
pc
, pc ≤ 0.5,
1 − pc
1 − pc
, pc ≥ 0.5.
= −
pc

R(pc ) = −

(25)

2. The number of dimensions.
In more than one dimension there are further constraints on the minimum
autocorrelation for consistency with a positive definite covariance structure.
Chilès and Delfiner (1999) give lower bounds −0.403 (R2 ), −0.218 (R3 ), and
−0.133 (R4 ).
In R2 , then,
ρmin = max −0.403, R(pc ) ,

(26)

and when there is an unknown hole effect,
sup γI (h) = (1 − ρmin )γI (∞).

(27)

Thus,
sup p(h) = (1 − ρmin )γI (∞) + pc
= (1 − ρmin )(pc )(1 − pc ) + pc .

(28)

744

Math Geosci (2008) 40: 729–751

Table 2 Summary statistics for
raw data on metal concentrations
in the topsoil of Sheffield and
for log-transformed data

Cr

Ni

Pb

mg kg−1

log Cr

log Ni

log Pb

log (mg kg−1 )

Mean

136.34

39.73

244.16

2.05

1.52

2.25

Median

101.00

32.00

164.00

2.00

1.51

2.21

5.17

6.46

7.16

1.86

1.04

0.36

Skewness

The average spatial breakdown point, ¯ ∗S for an estimator with a breakdown point T∗ ,
allowing for an unknown hole effect is obtained by the solution of
 2
(2 − ρmin )¯ ∗S + (ρmin − 1) ¯ ∗S = T∗ .

(29)

In R2 the solution to this equation for T∗ = 0.5 is ¯ ∗S = 0.25.

3 Case Study
Data on the metal content in the topsoil of Sheffield, England, were collected in a
survey by the British Geological Survey; Rawlins et al. (2005) gives full details of
the survey and the analytical methodology. The sample grid is used in this paper
(above) to demonstrate the numerical method for computing the spatial breakdown
point. In this paper, the data on the total content of chromium, nickel, and lead in the
topsoil are considered. Rawlins et al. (2005) used robust estimators of the variogram
to analyse these data. The use of these estimators may be justified given their spatial
breakdown point in this particular survey.
The data are summarized in Table 2. The measured values are considerably positively skewed, and were transformed to common logarithms for further analyses.
Note that after transformation, the data remain somewhat skewed (positively) suggesting that outliers might be present in the upper tail of the distribution. The data
are examined to decide whether their distributions appear consistent with a pattern of
contamination such that the spatial breakdown point of robust variogram estimators,
based on variance estimators with a maximum breakdown point, is not exceeded.
Outliers in spatial data might appear extreme in the overall histogram (marginal
outliers), but some might appear unusual only when compared with their neighbours
(spatial outliers). The median polish analysis, proposed by Cressie (1986) for robust
analysis of data, was used and collected on a grid that was approximately regular.
In the median polish analysis we treat our data as the sum of an overall effect, a
column effect, a row effect, and a residual. The first three terms are estimated by an
iterative procedure that successively sweeps out the row and column medians until
convergence is achieved. At all stages the algorithm preserves the additive model of
an overall effect, row and column effects, and a residual. For the purpose of this paper
the median polish residual represents the local deviation from broad-scale variation in
the data, and so a large positive residual would be expected when a point corresponds
to an outlier, whether a spatial or marginal outlier or both, in the upper tail. Since
outliers in this data set are likely to have arisen from contaminants, which can be
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Table 3 Summary statistics for
median polish residuals for
log-transformed data on metal
concentrations in the topsoil of
Sheffield

745
log Cr

log Ni

log Pb

0.02

log (mg kg−1 )
Mean

0.04

0.02

Median

0

0

0

Skewness

2

1.29

0.49

Qn

0.136

0.144

0.257

Fig. 7 Histograms of median
polish residuals for
log-transformed metals in the
topsoil of Sheffield

treated as random variables with a larger mean than that of the background process,
we focus on outliers in the upper tails of the distributions.
A median polish analysis was conducted on the log-transformed data on Cr, Ni,
and Pb concentrations. The grid is not absolutely regular, but each sample was as
close as possible to a node on a 500-m square grid. It is the rows and columns of this
grid that were used as the effects for the median polish model. The MPOLISH procedure in Genstat was used (Baird 2007) with the algorithm deemed to have converged
when the results change by less than 0.01% on a new iteration.
Statistics for the median polish residuals (Table 3) and their histograms are shown
in Fig. 7. The histograms suggest that the residuals could plausibly be regarded in
each case as a normally distributed random variable, with some observations from a
contaminating process in the upper tail. This contaminating process clearly represents
fewer than half of the data in each case, since the median (zero as a result of the
polishing process) corresponds in each case to the dominant mode of the histogram.
We can therefore treat the median as a robust estimate of location of the underlying
normal random variable, and the Qn statistic of Rousseeuw and Croux (1992, 1993),
reported in Table 3, as a robust estimator of its standard deviation.
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Fig. 7 (Continued)

Figure 8 shows the empirical cumulative distribution functions (cdf) of the median
polish residuals for each metal and the corresponding normal distribution functions
with the mean set to zero (the median value) and the standard deviation equal to
the tabulated value of Qn. In each case the main difference between these functions
is seen in the upper tail where the quantiles of the data take larger values than the
expected value for the normal random variable.
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Fig. 8 Empirical cumulative distribution functions (CDF) of median polish residuals (thin line), with
normal CDF with robust parameters (heavy line). The dotted horizontal line is on the quantile such that the
proportion of observed points exceeding the quantile is equal to the spatial breakdown point computed for
the grid (16%). The dashed horizontal line is on the quantile such that the proportion of observed points
exceeding the quantile is equal to the empirical spatial breakdown point computed for the grid (25%),
which happens to coincide with the average spatial breakdown point in R2
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From the median polish residuals, the empirical spatial breakdown point for each
data set, ˜ ∗S was computed. This is defined as 1 − qm where qm is the smallest quantile of the median polish residuals such that the proportion of pair-comparisons over
all lags of interest in which one or more of our observations equals or exceeds quantile
qm is smaller than the breakdown point of the variance estimator. For each of the lag
bins used in the analysis of the sample grid in the section above, I computed p
(h | q),
the proportion of comparisons affected by at least one outlier if outliers are defined
as observations for which the median polish residual is at or exceeds the quantile q
(for q = 0.5, 0.55, . . . , 0.95). The value 1 − q was treated as an approximation to the
empirical breakdown point where q was the largest quantile such that p
(h|q) < 0.5
for all the lag bins.
On the empirical and normal CDFs for each metal in Fig. 8 three quantiles are
shown. The first quantile is at 0.84; this corresponds to the spatial breakdown point
computed for this sampling grid by the simulated annealing analysis described above.
A value of 0.16 for the spatial breakdown point was obtained if the breakdown point
of the variance estimator is 0.5. The second quantile is at 0.75. This corresponds to
the average spatial breakdown point in R2 , obtained from (29). The third quantile
corresponds to the empirical breakdown point for the particular data set. For each
variable the empirical breakdown point, assuming a variance estimator with a breakdown point of 0.5, was 0.25, coincides with the average breakdown point in R2 .
For each metal we note that if we consider the breakdown point for the sample
grid (0.16) then it is possible that our data on all these metals would cause robust
variogram estimators to fail, since in all cases quantile 0.84 falls in that part of the
empirical CDF where the deviation from the normal quantiles with robust parameters
begins to become apparent. However, when we consider the empirical breakdown
point and average breakdown point we can see that for all metals these fall within the
region where there is good agreement between the two distribution functions. On this
basis we can conclude that an analysis of these data with robust variogram estimators,
which are based on variance estimators with a breakdown point of 0.5, can proceed
with confidence.

4 Discussion and Conclusions
4.1 Numerical Computation of the Spatial Breakdown Point
In general, it is evident that Genton’s (1998b) conjecture about spatial breakdown
point in more than one dimension does not hold. The numerical solution advanced
here is needed for the computation of the spatial breakdown point in these circumstances. Even for square grids in R2 we need numerical computation of the spatial
breakdown point, since (i) the worst-case configurations do not correspond to Genton’s chequer-board patterns and (ii) thinning a worst-case configuration does not
necessarily find the spatial breakdown point.
The spatial breakdown point can be obtained for a general sampling array and
some general features of the corresponding configurations of points is noted. Consistent with these results on the average spatial breakdown point is the observation
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that the effect of outliers is lag-dependent, increasing with lag distance. Some sort of
quasi-periodic pattern of contamination is most damaging, other factors being equal.
This could be of practical importance when one plans sampling in a region where
one knows that there is likely to be a concentration of contamination in a central region (resembling, perhaps, the most damaging configuration of outliers at lag 4500 m
shown in Fig. 6) or an over-dispersed distribution of patches (resembling, perhaps,
the configurations for lags 1500 m and 2500 m in Fig. 6). This might arise, for example, from contamination associated with former dwellings. In these circumstances,
any ancillary information on such sources of contamination would be useful, so that
affected areas can be treated separately.
4.2 The Average Breakdown Point
Under spatially correlated contamination, the impact of outliers depends on the lag. If
the variogram is increasing then the effect of contamination increases with lag. This
distorts the shape of the variogram. The effect of outliers in inflating estimates of the
variogram at long lags more than at short lags will be to increase the kriging weights
of data points close to target points in subsequent prediction. This will exacerbate
the local effects of outliers. A similar lag-dependence will be seen with a hole-effect
variogram.
If we can assume a non-decreasing variogram, then Genton’s (1998b) conclusion
that the average spatial breakdown point (when T∗ = 0.5 is about 0.3) will hold. However, if we admit the possibility of a hole effect then, in R2 , this is reduced to 0.25.
This corresponds to the findings for the spatial breakdown point reported in the previous section, which showed that the most-damaging configurations of outliers have
a periodic or quasi-periodic structure. This might be a problem in practice if there is
some source of periodicity such as ridge and furrow, gilgai or polygonally patterned
ground. For example, more outliers might be found due to pollutants accumulating in
furrows in fields with a pronounced ridge-and-furrow pattern.
4.3 The Case Study
The case study shows an approach, using median polish residuals and their robust
statistics, to evaluate the suitability of a data set for robust estimation of the variogram by reference to the spatial breakdown point and an empirical breakdown
point. The procedure entails the identification of those parts of the empirical CDF
of the data where the effect of a contaminating process is apparent. It does not require that we specifically identify particular data as outliers, only that we evaluate
the impact on robust estimation of certain subsets of the data being outliers. Once
we have a variance model for the underlying process, in which we can have some
confidence, then we might make inferences about which of our observations are outliers (Rawlins et al. 2005). It is not advisable to use this exploratory analysis as a
basis for deletion of proposed outliers before spatial analysis (unless the outliers are
clearly errors), since this can bias our estimates of the variogram (Genton 1998a;
Omre 1984).
The approach to robust estimation of the variogram, which provides the background to this paper, assumes that we obtain point estimates of the variogram that are
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subsequently fitted by some appropriate conditional negative semi-definite function.
However, as a result of attention paid to geostatistical problems by mathematical statisticians, there is an increasing interest in setting the geostatistical prediction in the
context of linear mixed models (Stein 1999). In this context the spatially dependent
random variation is treated as a random effect with variance parameters estimated directly from the data by residual maximum likelihood (REML). The advantage of this
approach is that when the fixed effects structure of the mixed model is more complex
than a simple mean (i.e. when stationarity in the mean is not assumed), the variance
parameters can be estimated with little bias (Cressie 1993). For this reason the mixed
model approach is beginning to be used in practice (Rawlins et al. 2006). However,
the variance model parameters remain susceptible to outliers. Marchant and Lark
(2007) have tackled the problem of robust estimation of the variance parameters for
spatial mixed models. The solutions available at present are not yet entirely satisfactory, and the estimators require that we set some arbitrary damping parameter. This
will improve our variance model estimates, without achieving full B-robustness. It
is to be hoped that B-robust REML estimators of variance parameters can be developed, in which case the analysis of the spatial breakdown point presented above will
be relevant to the mixed model approach.
In conclusion, the spatial breakdown point of robust variogram estimators must be
computed numerically for problems in two or more dimensions. Simulated annealing
is a practical tool for this purpose. The average spatial breakdown point, as proposed
by Genton (1998b), is 0.25 in R2 when the possibility of a hole-effect is admitted.
The empirical breakdown point, defined in this paper, can be computed from the
median polish residuals of a survey approximately on a grid. This might be useful for
practical judgements on whether robust variogram estimators will be appropriate for
a particular data set in which outliers are expected or known to occur.
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